In this note we establish a quantitative Voronovskaja theorem for modified Bernstein polynomials using the first order Ditzian-Totik modulus of smoothness.
INTRODUCTION
The Bernstein polynomials are defined by 1] , f ∈ C[0, 1] and n ≥ 1. Among the properties of Bernstein polynomials we mention the following asymptotic formula, called Voronovskaja's theorem: if f is bounded on [0, 1], differentiable in some neighborhood of x ∈ [0, 1], and has second derivative f (x), then
Further properties:
where e i (x) = x i , x ∈ [0, 1] and i ∈ {0, 1, 2, . . .}. In [8] King constructed a Bernstein-type operator, which preserves the functions e 0 and e 2 . By modification of f k n in (1.1), Aldaz et al. [1] defined Bernstein-King-type operators possessing e 0 and e j as fixed points, where j ∈ {2, 3, . . .} is arbitrary. These operators are given by
The operators U n,j are linear and positive, U n,j e 0 = e 0 and U n,j e j = e j , respectively. The goal of the paper is to obtain a quantitative Voronovskaja-type theorem for U n,j with the aid of the first order Ditzian-Totik modulus of smoothness defined by
It is worth mentioning that Floater obtained a generalization of (1.2) in [4] , dealing with the asymptotic behavior of differentiated Bernstein polynomials. Different quantitative versions of Floater's theorem were established in [5] , [6] , [7] and [3] .
MAIN RESULT
In the sequel we need some lemmas.
Proof. For x ∈ [0, 1], we have
For the second inequality, we have
We prove the former inequality by induction on n. If n = 1, then 1 ≤ x + 1; we suppose that 1 + x + . . . + x n−1 ≤ nx + (1 − x) n−1 . Then, by (2.1),
which was to be proved.
Lemma 2.2.
For the operator U n,j defined by (1.3)-(1.4) and x ∈ [0, 1], we have a) 0 ≤ U n,j (xe 0 − e 1 ; x) ≤ 1 n (j − 1); b) U n,j ((e 1 − xe 0 ) 2 ; x) ≤ 2 n ((j − 1) 2 + 1)ϕ 2 (x); c) U n,j ((e 1 − xe 0 ) 4 ; x) ≤ 8 n 2 ((j − 1) 2 + 1).
Z. Finta
Proof. Because U n,j is linear and preserves the functions e 0 and e j , we obtain U n,j (xe 0 − e 1 ; x) = x − U n,j (e 1 ; x) = n k=0 p n,k (x) k n − n k=0 p n,k (x)a n,k = n k=0 p n,k (x) k n − a n,k .
For k ∈ {j, j + 1, . . . , n}, we have
Therefore, in view of (2.2) and (2.3), we get
Taking into account the inequality (a + b) 2 ≤ 2(a 2 + b 2 ), (2.3) and Lemma 2.1, we find that 
